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Abstract. For a Riemannian manifold M n+1 and a compact domain Q C M n+1 whose 
boundary 8Q is a hypersurface with the normal curvature bounded from below we give a 
sharp estimate for the angle between a geodesic ray from a fixed point O inside the domain SI 
through a point on dQ and the outward normal to dQ at this point, depending on the distance 
between O and dQ. Also, we give a sharp estimate for the width of a spherical layer which 
can enclose such hypersurface. 



Introduction 

W. Blaschke has proved pQ that if normal curvatures of a complete hypersurface F n in the 
Euclidean space are pinched between some positive constants k\ and fe, i. e. ki ^ k n ^ k\ > 0, 
then at every point on F n there exist supporting spheres with the radii 1/fci and 1/&2 that 
encloses and is enclosed by F n respectively. But it appears that we can say something about the 
sphericity of a surface even if the normal curvature is bounded only from below. 

Let us consider an arbitrary circle on the Euclidean plane. Obviously, the angle between a ray 
from the center through any point on the circle and the outer normal at this point is identically 
zero. If to consider rays emanating not from the center but from another fixed point O inside the 
circle, the similar angle will not longer be identically zero. The same holds for arbitrary convex 
curves on the plane. However, the closer all of these angles are to zero, the closer a curve is to a 
circle and the point O - to its center. Thus, we can see that the values of the considered angles 
reveal the closeness of a curve to a circle. This is a motivation for us to study such angles in 
more general settings. 

Notably, if a hypersurface has the normal curvature bounded from below, then for points O 
inside the domain enclosed by the surface at the distance h from it the angles between normals 
and radial directions from O cannot be to big. In [5. estimates for such angles were obtained for 
surfaces in HP(— 1) - Lobachevsky space of the constant negative curvature —1, provided that 
all normal curvatures of the surface k n ^ 1 or k n ^ A, A < 1. These estimates were generalized 
in [3] and [2] for hypersurfaces lying in the Hadamard manifolds - complete simply connected 
Riemannian manifold of the negative sectional curvature K satisfying — k\ ^ K ^ with some 
positive constant k\ 1 provided that all normal curvatures of the surface k n ^ k\ or k n ^ A, 
A < k x . 

Thereby, the open question was whether similar estimates can be obtained for surfaces in 
Riemannian manifolds of the non-positive sectional curvature ^ K ^ — k\, k\ ^ if all normal 
curvatures of a surface k n ^ A, A > k\ and in manifolds of the positive sectional curvature, 
provided that k n ^ A ^ 0. In the two-dimensional case such estimates were announced in [3]- 
These results alongside with their multidimensional generalizations make the content of the first 
part of our paper. 
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Another way to measure the sphericity of hypersurfaces is to consider the width of a spherical 
layer which can enclose a hypersurface. It is quite clear, that the smaller this width is, the closer 
our surface is to a sphere. 

In the paper (5] it was proved, that a closed hypersurface in H™(— 1) can be put into the 
spherical layer of the width d ^ In 2, provided that normal curvatures of the surface k n ^ 1 at 
any point and in any direction. A similar estimate holds in the Hadamard manifolds (see [B]). 
In the second part of our paper we extend these results for manifolds of the constant sectional 
curvature and to the general Riemannian case with another bounds for the normal curvature of 
a hypersurface. 

1. Preliminaries and statements of the main results 

Let us consider a complete simply connected (n + l)-dimensional Riemannian manifold M n+1 . 
We will denote the sectional curvature of M n+1 at an arbitrary point P € M ™ +1 in the direction 
of a two-dimensional plane a C TpM n+1 as K a . Let il C M n+1 be a closed compact domain 
whose boundary <9f2 is a C 2 -smooth hypersurface. 

Consider a point O £ Q. Let h := dist(0, dfl) be the distance from this point to the boundary 
of the domain. Denote <p := f{P) to be an angle between the geodesic line from the point O to 
an arbitrary point P € dil and the outer normal to <9f2 in the point P (see Fig. Q}. 




Figure 1 



Hereafter, we will use a notation k n := k n (P, Y) for the normal curvature of the hypersurface 
<9f2 at a point P £ d£l in the direction of a vector Y € TpdVL. 

It appears that, if all normal curvatures of dQ in any direction are bounded from below 
k n ^ ko, then the angle tp cannot be to big. Namely, the following theorems hold. 
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Theorem 1. Let M n+1 (c) be a complete simply connected Riemannian manifold of the constant 
sectional curvature c, Q be a domain in it whose boundary dft is a C 2 -smooth hypersurface. Let 
O G il be a point inside the domain, h — dist{0, dfl) be the distance from O to the hypersurface 
and if be the angle between a radial direction from the point O to a point on dtt and the outer 
normal taken at this point. 

(1) If c = 0, i.e. M n+ (c) = E" +1 is the Euclidean space, and all normal curvatures of dfl 
in any direction k n ko > 0, then 



cos ip ^ y2hko — h 2 k 2 hko. 

(2) If c — — fc 2 ,fci > 0, i.e. M n+1 (c) = H" +1 (— k 2 ) is the (n + 1)- dimensional Lobachevsky 
space, and all normal curvatures of <9f2 in any direction k n ko > k\ , then 



/ sinh 2 fci (R — h) sinh kih , 

cosw^Wl ^ — — !— , 1.2 

^ V sinh 2 fc!i? sinh h R : V ' 

where R = arcoth |^ is the radius of a circle of the curvature ko on the two-dimensional 
Lobachevsky plane of the Gaussian curvature —k\. 
(3) If c = kf.ki > 0, i.e. M n+1 (c) — S n+1 {k 2 ) is the (n + 1)- dimensional sphere, and all 
normal curvatures of dVL in any direction k n ^ ko ^ 0, then 



sin 2 fci (R — h) sin fci ft, 

cosw^Wl ^ ^ . , „ , 1.3 

r 1 sin 2 hR sinfcii?' 



where R = arccot |^ is </ie radius of a circle of the curvature ko on the two-dimensional 
sphere of the Gaussian curvature k\ . 

The similar result holds if the ambient space is a Riemannian manifold of the constant-sign 
sectional curvature. 

Theorem 2. Let d£l be a complete C 2 -smooth hypersurface in a complete simply connected 
(n + 1)- dimensional Riemannian manifold M n+ , fl C M n+l is the domain bounded by dfl. 

(1) // all sectional curvatures K a of M n+ with respect to any two-dimensional plane a 
satisfy the inequality ^ K a ^ — k\, k\ > 0, and all normal curvatures of dQ in any 
direction k n ^ fco > k\, then the estimate il.ty) holds. 

(2) // all sectional curvatures of the manifold M n+1 satisfy k\ ^ K a ^ k\, k\ > 0, and the 
domain Q lies in a ball with the radius 7r/2fc2, then if all normal curvatures of dQ in any 
direction fc n ^ fco ^ 0, the estimate il.3\) holds. 

Let us recall (see [2J, [I]) that a locally convex hypersurface dVl C M n+1 (c) is X- convex if 
at every point P £ dfl there is a sphere Sp of the sectional curvature A 2 passing through this 
point such that in the neighborhood of P the hypersurface lies on the convex side of Sp. The 
corresponding domain f2 is called a X-convex domain. Note that <9f2 can be non-regular. 

We note that regular with the class C k , k ^ 2, hypersurface dft is A-convex if and only if 
all its normal curvatures at any point and in any direction satisfy fc„ ^ A. Thereby, the notion 
of A-convexity is the non-regular generalization of the fact that normal curvatures are bounded 
from below by A. 

Taking into account all the definitions above, for the width of a spherical layer the following 
theorem holds. 

Theorem 3. Let dfl be a complete hypersurface in a complete simply connected (n + ^-dimen- 
sional Riemannian manifold M n+1 (c) of the constant sectional curvature c. 
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(1) Suppose that the ambient space is the Euclidean space E n+1 . If dQ is a kg-convex hyper- 
surface, ko > 0, then dQ can be enclosed in a spherical layer of the width 

fc 

(2) Suppose that the ambient space M n+1 (c) = S n+1 (k 2 ) - (n + 1)- dimensional sphere, 
fci > 0. // dQ is a k^-convex hypersurface, fco > 0, then dQ can be enclosed in a 
spherical layer of the width 



d ^ — arccos y cos k\R — R, (1-5) 
fci 

where R is the radius of a circle of the curvature fco on the two-dimensional sphere of 
the Gaussian curvature k\. 
(3) Suppose that the ambient space M n+1 (c) — H' i+1 (— k\), k\ > 0, is the Lobachevsky space. 
If dQ is a kg-convex hypersurface, fco > fci, then dQ lies in the spherical layer of the 
width 



d ^ — arcosh W cosh k\R — R (1-6) 
fci 

where R is the radius of a circle of the curvature fco on the two-dimensional Lobachevsky 
plane of the Gaussian curvature —k\. 

Remark 1.1. Hereafter, we will fix the notation R for the radius of a circle of the curvature fco on 
the plane of the constant curvature c. Taking into account the values for R stated in Theorem [1] 
the estimates l|1.5l) . (|1.6p can be rewritten, accordingly: 

2 - d < £ ( 2 arc cc.s - arccot £ 

3- d < £ (^2 arcosh - arcoth % 

Remark 1.2. Given estimates are sharp in the meaning that there are examples of hypersurfaces 
for which the minimal width of a spherical layer that encloses the hypersurface has the value 
equal to the right-hand member of the inequalities in Theorem [3l 

In the following theorem we generalize the estimates for the width of a spherical layer to the 
ambient manifolds of the constant-sign sectional curvature. 

Theorem 4. Let dQ be a complete C 2 -smooth hypersurface in the complete simply connected 
(n + 1)- dimensional Riemannian manifold M n+ . 

(1) Let all sectional curvatures of M n+1 with respect to any two-dimensional plane a, k\ ^ 
K a ^ k\, fci > 0. Suppose that the hypersurface lies in a ball with the radius i^jki and 
the center which coincides with the center of the inscribed ball for dQ. If all normal 
curvatures of dQ in any direction fc„ ^ fco > 0, then the hypersurface dQ can be enclosed 
in a spherical layer of the width \1.5\l : 

(2) Let for any two-dimensional plane a , ^ K a ^ —fci, fci > 0. // all normal curvatures 
of dQ in any direction k n ^ fco > fci, then dQ lies in a spherical layer of the width \1.6\) . 

2. Proofs of the angle comparison theorems 

In this section we will prove Theorems [1] and [5] which are by their nature, as it will be clear 
further, the angle comparison theorems. 
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2.1. Auxiliary results. Let us introduce on the manifold M n+l the polar coordinate system 
with the origin at the point Ogfl. In this coordinate system the arc length can be expressed in 
the form ds 2 = dt 2 + gijdO" 1 dO^ , i,j = l..n, where t is a length parameter, 0" 1 are angle parameters. 

We can assume that the hypersurface dil is given by the equation t — p(6 1 , . . . ,9 n ). This 
assumption is valid for convex hypersurfaces lying in the domain of regularity of our coordinate 
system. Then d£l is the 0-level set of the function F(t, 9 1 , . . . , 6 n ) = t - p(0\ . . . , 6 n ). 

For an arbitrary manifold N and a smooth function / on it the vector field of the gradient of 
this function is the unique vector field grad^ / such that for any v £ TN 

(gradjy f,v) = v(f). 

Let us denote by Y the unit gradient vector field of the distance function p from the point O 
to points on dil defined on <9f2: 

Y = grad 3n p 
I S rad an P\ ' 

We recall that the unit outward normal to the hypersurface dVL can be written as 

grad M n+i F 

n = : -. 

| grad M „+i F\ 

The unit vector field dt '■= Jj defines the radial directions from O to the points on d£l, tp is the 
angle between n and dt- 

It can be shown (see that the vectors n(P), dt(P) and Y(P) are lying in the same 

two-dimensional plane in TpM n+1 . Let X(P) be a unit vector lying in this plane perpendicularly 
to dt(P) (see Fig. [T]). Let us denote the normal curvature of <9f2 at the point P £ dtt in the 
direction of the vector Y = Y(P) as k n . 

Then the following lemma holds. 

Lemma 2.1 ([3], [2]). If Pn is the normal curvature of the sphere with the radius p and the center 
O taken at the point P £ dfl in the direction of X; ^ is a derivative of ip with respect to the arc 
length parameter of the integral trajectory of the vector field Y taken at the point P £ dQ. Then 

k n (s) = Pn (s) COS (fi - ^y- . 

ds 

Remark 2.1. In the same papers [4], [2] there was shown that if to parameterize the integral 
trajectory of Y not by the arc length parameter s but with the distance parameter t from O to 
the curve (locally), then the last formula can be rewritten in the following way: 

t \ r \ dip . 

k n {t) = p, n (t)cosip — snip. 

dt 

Remark 2.2. In the two-dimensional case dil will be a closed embedded C 2 -smooth curve 7 on 
a two-dimensional manifold M 2 parameterized with the distance parameter t from the origin O; 
A*n(i) = p{t) will be the geodesic curvature of the circle with the radius t and the center at the 
origin taken at the point j(t). Then the geodesic curvature k of 7 will satisfy the equation 

, . , . dtp . 

kit) = pit) cos ip sin tp. 

dt 

To establish the relations between the curvature of a sphere and the curvature of a space we 
will need the following lemma. 

Lemma 2.2 (jl],[7]). Let us assume that all sectional curvatures of the Riemannian manifold 
M n+1 satisfy one of the following conditions: 
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(1) K a ^ k 2 , k\ > for all two-dimensional planes a and a sphere with the radius t lies in 
the domain of regularity of the polar coordinate system with the origin at the center of 
the sphere. 

(2) O ^K^-klh ^0. 

Then all normal curvatures /z„(t) of a sphere with the radius t in any direction satisfy the 
following inequality 

where fiQ (t) is the geodesic curvature of a circle with the radius t on the plane with the constant 
Gaussian curvature, respectively, 
1. k\; 2. -kf. 

We recall that on two-dimensional planes geodesic curvatures no (t) of circles with the radius 
t are equal: (J,o(t) = j on the Euclidean plane; /Lto(t) = k\ cot k\t on the sphere of the Gaussian 
curvature k\\ fXo(t) = k\ cothfcii on the Lobachevsky plane of the Gaussian curvature —k\. 

In order to use the comparison lemma stated above we need to study the behavior of the angle 
tp for circles lying on surfaces with the constant Gaussian curvature. 

Lemma 2.3 ([3]). Let M 2 be a plane of the constant Gaussian curvature, 7 is a circle with the 
radius R on it, O is a point inside the circle at the distance h from it. Then the angle tp between 
a geodesic line from O to a point ~/(s) on the circle and the outer normal vector to the circle at 
this point satisfies the inequality: 

(1) In the case of the Euclidean plane 



2h h 2 
™stp >X j--- 2 . 



(2) In the case of the Lobachevsky plane of the curvature —k\ 



2 



/ sink 2 kAR-h) 

cos tp ^ 4/1 * . 

V sinh 2 k x R 

(3) In the case of the sphere of the curvature k\, assuming R ^ ^7 



/ sin 2 fci(i?-W 

COS tp > 4/1 s . 

Y V sin 2 fcii? 

In all these cases the equality holds only in the directions perpendicular to the geodesic line 
connecting the center of the circle with the point O. 



Remark 2.3. In all cases there are simpler, but more rough, estimates: 
(1) cos tp ^ 



>2h h 2 > h . 
R R 2 R> 



(2) cos<^ ^ Jl - sinh2 ^[ R ^ l ^ ^H, 



(3) cos tp > .flZ sEEM^ ^ sinfcjA 



Proof. We will prove the estimate in the Euclidean case. For the rest of the cases the proofs are 
absolutely similar with the necessary replacement of the classical formulas with their spherical 
and hyperbolic analogs. 

Denote the center of 7 as 0\, the intersection of the ray 0\0 with 7 as M. Since h is the 
distance, then OM = h. Additionally, if P £ 7 be an arbitrary point, then AO\PO — tp (see 

Fig. ED. 
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Figure 2 



If to denote ZPOM = a, then from the law of sines applied to the triangle AOiOP it follows 
that: . % p np = ■ %° pn or -A- = 3=*. Thus: 

sinZOiOP sinZOirO sin a sin ^ 

sin <p = — - — sin a. 
R 

Taking into account that R ^ is a constant we will obtain that the maximal value of the angle 
<f (and therefore the maximal value of sin ip and the minimal value of cos ip) is attained when 
sin a = 1, i.e. when a = f , OPLOiM. 

At the same time, if (po — max <p, then sin (p — Thus, 

L fR-h\ 2 I 7 ftV [2h h? h 
C0S ^ = V ''{-IT) = r-{ 1 -R) =^R~R^R- 

(the last inequality holds since ^-^^^^>^^^<^^^l^h^R, which is obviously 
true). 

Hereby, for an arbitrary angle p 

[Zh h? h 

CO 8 V »C O 8 V0 = ^-- w >- 

and the equality in this case holds only for OP '±0\M . This finishes the proof. 

□ 

Finally, at the end of this section let us prove some useful technical lemma. 

Lemma 2.4. Let f{x) e C 1 [a, b] is a continuously differentiable function and f(a) = 0, f(b) < 0. 
Then among those values for which f(x) < there is a value x € (a, b) such that f(x ) < and 
f(x ) < 0. 

Proof. Assume the contrary. Then for all x € (a, b) such that f(x) < 0, the inequality f'(x) > 
holds. 

But since / is continuous and /(a) = 0, f(b) < 0, there is a segment [ai, &i) C [a, 6] such that: 
/(ai) = and for all x <G (ai,6i) f(x) < 0. By assumption, for any x € (ai,6i) /'(a;) > 0. It 
means that / is a nondccrcasing function on (ai, &i). Hence, f(x) > /(ai) = 0, which contradicts 
the choice of the segment [a\, b\). The lemma is proved. 

□ 
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2.2. Proofs of Theorems Q] and [2} We start this section with proving the following two- 
dimensional 

Lemma 2.5. Let 7 be a regular with the class C k , k 2, closed embedded curve on a plane 
of the constant Gaussian curvature. Let O be a point inside the domain bounded by 7 at the 
distance h from the curve; (p is the angle between a radial direction from the point O to a point 
on 7 and the outer normal to the curve at this point. 

(1) If on the Euclidean plane the curvature of the curve satisfies k fco > 0, then the 
inequality 1 1.1)) holds. 

(2) If on the Lobachevsky plane of the curvature —k\ (k\ > 0) the geodesic curvature of 7 
satisfies k fco > k±, then the inequality U.2\) holds. 

(3) If on the sphere of the curvature k\ (k\ > 0) the geodesic curvature of 7 satisfies k 
fco ^ 0, then the inequality U.3)) holds. 

Proof. At the beginning, let us consider all three cases simultaneously. 

On a plane with the constant curvature we introduce a polar coordinate system with the origin 
at the point O (see Fig. [3j) . Then, according to Lemma |2~T1 the curvature of the curve 7 satisfies 
the equation 

k = Mo (t) cos <P ~ sin ip, (2-1) 

where (J,o(t) is the geodesic curvature of the circle with the radius (ona plane with the constant 
Gaussian curvature. 




Figure 3 



Let us proceed with building the comparison object. We will take a circle S of the curvature 
fco on a plane of the constant Gaussian curvature. Consider a point 0\ inside the circle at the 
distance h from its border and introduce the polar coordinate system with the origin at 0\ . We 
will denote the angle between the outer normal to the circle and the geodesic connecting 0\ and 
a point on S as (3 (see Fig. 2]). 

According to Lemma |2~T1 

d/3 

h) = Mo(i) cos/3 —sin/3. (2.2) 

dt 

Subtracting the equation (|2.2I) from (|2.1[) and taking into account the inequality fc ^ fco we 
obtain 

fi (cosip — cos/3) — ^ simp + ^ sin/3 = fc — fc ^ 0. (2.3) 
dt dt 
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Let us introduce the function f(t) := cosip(t) — cos j3(t). It follows from (12.31) that it satisfies 
the inequality 

/' + Mo/ > 0, 
f(h)=0. 



(2.4) 



The last condition f(h) = is true since in both cases h is the distance from a point to a 
curve, thus ip(h) — (3(h) = 0. 

Let us consider the arc of the curve 7 from the point Qq such that dist(0, Qq) = dist(0, 7) = h 
to the point Q\ on which the function t(s) is increasing (precisely on such arcs the curve can be 
parameterized by the distance parameter t) . Herewith, we will be proving our statement for this 
arc. 

A) First, we will prove our lemma in two more simple cases - Euclidean and Lobachevsky. 
It is known that on the Euclidean plane /J,o(t) = 7 > and on the Lobachevsky plane of the 
curvature — fef, k\ > 0, Ho(t) — k\ cothfcii > 0. Thus, in both cases for all t, (J,o(t) > 0. 

Let us show that for all points on the chosen arc f(t) ^ 0. 

Indeed, assume the contrary. Then for some points f(t) < 0. Thus, since f(h) = then, 
according to Lemma 12.41 there is a point 7(io) on the considered arc such that at to 

f(to) < 0, 
f'(t ) < 0. 

But since /io > 0, the inequalities (I2.5[) contradict (|2.4[) . Therefore, on the chosen arc f(t) ^ 0. 
It implies that cosip(t) > cos/3(£). The estimates for cos/3(£) were given in Lemma [2.31 This 
proves the statement of Lemma 12.51 in our cases on the chosen arc. 

Since our curve 7 is regular, it can be represented as a union of such arcs, that differ from 
each other only by the minimal distance hi from the point O to a particular arc. Estimating ip 
separately on segments of the curve where the function t = t(s) is monotonous, we will obtain 
the estimate for the whole closed curve. Here we should notice that the right-hand members of 
the estimates from Lemma 12.31 are monotonous with respect to h. It means that we indeed can 
estimate the angle on every arc and then pick up the minimal value h = min hi over all arcs. 

B) Now we will move to the most complicated 3rd case. Straightforward calculations, that 
were made in A), cannot be used here since the curvature of a circle on a sphere can be positive, 
negative and zero. 



(2.5) 
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If the curve 7 is not a circle and the point O is not its center, then h < Indeed, by the 
condition of the lemma k > 0. It means that the curve 7 lies in the closed hemisphere, which 
implies the restriction on h. Let us show that for all t close enough to h, f(t) > and does 
not equal to zero unless in the neighborhood of Qq the arc of the curve is an arc a circle of the 
curvature kg. 

Indeed, if arbitrary near to h there exists a value t such that f(t) < 0, then according to 
Lemma 12.41 among these values there exists to close enough to h such that 

ffol < °< 

/'(*„)< 0. (2 ' 6 » 

Since h < fioQi) > and the point 7 (to) is arbitrary near to the point j{h), we have that 
Mo (to) > 0. But then the inequalities (|2.6[) contradict the inequality (|2.4p . 

Let us take the value t\ close enough to h such that f(t\) > 0. We have just shown that such 
exists. We consider the Cauchy problem for the following differential equation: 

<?' + Mo(t)<? = 0, 

g( tl ) = f(tt) > { -> 
In the 3rd case no(t) = fci cotfeit. Thus, the solution of (|2.7[) is 

,.\ /(ti)sinfciti 

g(t) = — t—T- : — ■ 

sin kit 

Note that for < t ^ the function g(t) > 0. What is more, in the interval ^f- ^5 t < this 
function is monotonically increasing, i.e. g'(t) > 0. 

Let us compare the solutions of the inequality (|2.4I) and the equation (|2.7[) with the same 
initial condition (see Fig. [5]). For those values of t, at which / — g < 0, 

(/ - 9)' > -Mo (/ - 5) > (2.8) 

for t\ < t < 2I7 ( m tn i s interval /xo(t) ^ 0). Since /(ti) — g(ti) = (according to (|2.7p). 
then by Lemma [2.41 among the values satisfying f — g < 0, there exists the value £2, such that 
f(t 2 ) - g(t 2 ) < 0, f'(t 2 ) - g'{t 2 ) < 0. This contradicts the inequality dHJ}. Therefore, for 
ti ^ t < 2F" we nave / ^ .9 > 0- 

For t > 2^;, ^o(t) < 0, /(217) - 5(217) ^ °' Thus ' from the ine q ualit y (EH) it follows that 
/' — g' ^ 0, i.e. f'^g'> 0. It means that for t ^ ^f - on a segment of the curve 7 where t = t(s) 
is monotonically increasing function, / is monotonically increasing too. Since /(af - ) ^ 0j then 
in the biggest interval from the value ^ where the functions are defined, we get / 0. 

Summing up, we have shown that cos ip(t) ^ cos j3{t) on the chosen arc. Using the estimate 
for cos Pit) from Lemma \2. 31 we obtain the statement of Lemma [2.51 on the chosen arc. Then, 
applying exactly the same idea from A) about the partition of 7 into arcs for which the distance 
is monotonous we will get the angle estimate for the closed curve. Finally, even if hi > for 
some arcs, then jihi) = and from the inequality (|2.4j) it follows that /' > 0, / > on them. 

Thereby, the 3rd case alongside with Lemma 12.51 are proved in full generality. 

□ 

Now we are ready to prove Theorems [T] and [5J 

Let us introduce a polar coordinate system with the origin at the point O. Then the arc length 
will be ds 2 = dt 2 + gijd9 1 d9 : > . Since the boundedness of the normal curvature, the hypersurfacc 
dfl will be convex, embedded and compact. Moreover, in all the cases the hypersurface will lie 
in the domain of regularity of such coordinate system. Then we can assume that the manifold 
dfl is the 0-level set of the function F(t, 9) = t — p(6). 
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Figure 5 



Let 7 be the integral trajectory of the vector field Y = grad af2 p/ \ gradgn p\. Denoting a point 
at the distance h from the point O as Q e 7 we obtain Y(Qq) = 0, (f(Qo) = 0. Let P e 7 be 
a point at the distance /ii from O such that on the arc QoP C 7 the distance function from the 
point O to points on dQ is monotonous. Then 7 can be parameterized by the distance parameter 
t 6 (/i; /ii] from O to points on <9f2. 

By Lemma l2.ll taking into account the remark on it, at points on 7 

kn(t) = (J, n (t) cos (p(t) - sin tp(t). (2.9) 

Similarly to the two-dimensional case, let us consider a circle S with the curvature fco on a 
two-dimensional plane with the constant Gaussian curvature (equal to in the Euclidean case, 
k\ in the spherical case, — k\ in the Lobachevsky case). Let Qo be a point on this circle, 0\ — a 
point at the distance h from Qq lying on the geodesic line perpendicular to S at the point Qq. 
Let j3 be the angle between the outward normal vector and the geodesic line from 0\ taken at a 
point on S (see Fig.H]). Then, by the same Lemma I2TT1 

fc = Mo(*)cos/3(i) - ^sin/3(i). (2.10) 



Let us subtract the equation (|2.10j) from (|2.9[) 

fi n (t) cosip- Wf) cos/3 - ^ s 

at 

According to Lemma \2. 2 1 we have /j, n (t) ^ fJ-o(t). Then (|2 . 1 1 1) can be rewritten as 
^0 (cos <p — cos 0) + — (cos f — cos /3) ^ fc — fc ^ 0. 
And this inequality coincides with the inequality (12 ,4[) 



/i„(t) cosip — u,o(t) cos/3 — ^f- sinw + ^- sin/3 = k — kg ^0. (2-11) 

dt ' dt 
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Thus, the computations from the proof of Lemma 12.51 become valid and, thereby, prove The- 
orems Q] and 

3. Proofs of the estimates for the width of a spherical layer 
3.1. Auxiliary results necessary for the proof of Theorem [3j 

Lemma 3.1. Let dfl be a complete ko-convex hypersurface in a Riemannian manifold M n+1 (c) 
of the constant sectional curvature c, where 

(1) forc=0orc=kf (fa > 0), k > 0; 

(2) c = -k\ (fa > 0), k >fa. 

Then <9fi is an embedded convex hypersurface such that at any point P 6 dQ there is a locally 
supporting for dfl sphere of the radius R which encloses the whole hypersurface. 

Remark 3.1. As we have remarked above, here by R we understand the radius of a circle of the 
curvature ko lying in a two-dimensional manifold M 2 {c) of the constant Gaussian curvature c. 

Proof. For C fc -smooth hypersurfaces, k 2, the assertion is directly follows from [3]. 

Let now dfl be a non-smooth fco-convex hypersurface. For sufficiently small r let us consider 
external equidistant surfaces dft T which will be e(r)-convex with s(t) —> ko — when r — ► and 
e(r) > (for the 1st case) or e(r) > fa (in the 2nd case). It is known that <9f2 T is a C 1,1 -smooth 
hypersurface. Thus, it can be approximated with regular hypersurfaces dQ T ^s, whose normal 
curvatures k n ^ e(r) — v(5) with v{5) — > + when 5 — > and e(r) — v{5) > (in the 1st case) 
or e{t) — v{8) > fa (in the 2nd). 

By the already proved regular case, d£l T j is enclosed by the sphere with the radius R T j of 
the curvature e(r) — v{5) supporting for the surface at an arbitrary point P Tj< 5 € dQ Ti s- Taking 
limits as t — > 0, S — y we will obtain that the sphere with the radius R — lim R T 5 supporting 

r,5->0 

for d£l — lim d£l T j at the point P = lim P T .s, P G c*Sl will enclose the hypersurface dSl. This 

t,6— >0 t,5— >0 ' 

holds for an arbitrary point P. Thus, the lemma in the non-regular case is proved. 

□ 




Further we will need the following observation. Let A and B be two arbitrary points in 
£1 C M n+1 (c), where is the domain, bounded by Oft. Consider an arbitrary totally geodesic 
two-dimensional submanifold M 2 (c) in M n+1 {c) passing through A and B (see Fig. [6j) . In general 
situation, in M 2 (c) there are precisely two circles of the radius R passing through A and B. Both 
of these circles are divided by these points into two arcs - smaller and bigger. Hereafter, we will 
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call a smaller arc of the circle of the radius R passing trough the points A and B as a smaller 
circular arc of the radius R for points A and B. 
The following lemma holds. 

Lemma 3.2. Let dQ be a complete kg-convex hypersurface in a complete simply connected Rie- 
mannian manifold M n+1 (c) of the constant sectional curvature c (for c = or c = kf, fco > 0; 
for c = —k\, fco > k\ > 0); f2 is the domain enclosed by the hypersurface. Then any smaller 
circular arc of the radius R passing through any two points A, B £ £1 lies in £1. 

Proof. Let us assume the contrary, implying that there are A, B € ^ and some smaller circular 
arc uj for the points A and B which does not lie entirely in the domain Q. 

Consider the cross-section of fi by the two-dimensional subspace M 2 (c) that contains A, B, 
and w. Denote as 7 :— M 2 (c) H dtt the curve in this section (see. Fig. [7]). 



It is known that if intersect a A-convex hypersurface with any two-dimentional totally-geodesic 
subspace, then we obtain the A-convex curve. Thus, 7 is fco-convex. 

Let Ai, B\ be the intersection points of uj and 7. If to denote the part of uj that lies between 
A\ and B\ as u>\, and the part of 7 bounded by u and the chord AB as 71, then ui\ and 71 will 
be convex curves lying on the same side from the geodesic that connects A\ and B\ . 

Now, let C\ be an arbitrary point on 71 distinct from A\ and B\. Since 7 is a fco-convex 
closed curve, by Lemma 13.11 the circle <5 of the radius R locally supporting for 7 at the point C\ 
encloses 7. Suppose that S intersects io\ in two points X\ and Y\. If X\ or Y\ coincides with A\ 
or Bi, then since the arbitrariness of the choice of C\ we get ui\ =71, which contradicts the fact 
that ui\ does not lie in 51. Thus, X\ ^ A\, Y\ ^ B\. 

But then, since ui\ is a smaller circular arc of the radius R, the arc <5i of the circle 5, bounded 
by uj\ and A\B\ 1 is less than a half of the circle S. And taking into account the convexity 
argument, Si and ui\ lie on the same side with respect to the geodesic X\f\. 

Thereby, we obtain that for two given points X\ and Y\ there exist two distinct smaller circular 
arcs of the radius R that lie on the same side from the geodesic X{Y\, which is impossible. From 
this the assertion of Lemma |3~21 follows. 




Figure 7 
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□ 



3.2. Estimates for the class of spindle-shaped hypersurfaces. In this section we will build 
the key object for estimating the width of a spherical layer. 

Similarly to the above, let us consider a complete simply connected Riemannian manifold 
M n+1 (c) of the constant sectional curvature c and let us denote by R the radius of the circle of 
the curvature fco in a two-dimensional manifold M 2 {c). 

For fixed points P, Q e M n+1 (c) let us consider the special class of spindle-shaped hyper- 
surfaces v(P, Q) which are obtained by rotating the smaller circular arc of the radius R for the 
points P and Q around the geodesic I passing through these points (see Fig. [5]). 



Note that v(P, Q) is a fco-convex surface of revolution. For any two-dimensional plane M 2 (c) 
which contains the points P and Q we have that M 2 (c) fl v{P,Q) is the curve 7 composed of 
the two symmetric with respect to PQ smaller circular arcs of the radius R. Hereby, we will call 
such curves as lunes. 

Let O € I be a point equidistant from P and Q. Since v(P, Q) is obtained by rotating a 
circular arc, the point O is the center of the ball S inscribe into v(P,Q). Let r be the radius of 
S. Then u> := M 2 (c) fl S will be a circle with the center O and radius r inscribed in 7. 

Due to the fact that v(P, Q) was build by rotating the smaller circular arc, the sphere Si with 
the center O and of the radius p :— \OP\ — \OQ\ will be the circumscribe sphere for v(P,Q). 
Here \OP\ and \OQ\ are the lengths of the corresponding geodesic segments. 

It is obvious that with the given radius of the inscribe sphere and fixed R we can uniquely 
reconstruct the points P and Q, and thus the whole hypersurface v{P, Q) (since with the given 
radius R of a circle and the height r of a circular segment one can uniquely rebuild the corre- 
sponding circular arc and its endpoints). 

Thereby, we can consider the class of spindle-shaped hypersurfaces parameterized by the value 
of r. Note that r £ [0,R]. 

Then, by construction and since p is uniquely defined by r either, every spindle-shaped hy- 
persurface can be enclosed in the spherical layer of the width d = d(r) = p{r) — r. 

It appears that the following lemma holds. 



"Si 




p 



Figure 8 
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Lemma 3.3. For the class of spindle-shaped hypersurfaces in the manifolds of the constant 
sectional curvature the following estimates for the width d = d(r) of a spherical layer holds: 

(1) For the Euclidean space 

y/2 — 1 

d = d(r) ^ do = — : 

k 

and the equality is attained with 



r = r a = 



k Q (2 + V2)' 

(2) For the spherical space S n+1 (kf) of the curvature k\ 



d = d(r) ^ do = — arccos y cos k\R — R 
kx 



and the equality is attained with 



r — r = R— — arccos y 7 cos k±R. 
kx 

(3) For the Lobachevsky space H ,l+1 (— k\) of the curvature —k\ 



d = d(r) ^ do = — arcosh y cosh k\R — R 
ki 



and the equality is attained with 



r — ro = R — — arcosh \J cosh k\R. 
kx 

Proof. In order to prove the assertion we will calculate directly the value d{r) = p{r) — r and its 
extremum. 

Let us consider an arbitrary two-dimensional totally geodesic submanifold M 2 (c) passing 
through the points P and Q. As above 7 := Af 2 (c) n v(P, Q). 

Let Ox be the center of one of the circles of the radius R which contains one of the smaller 
circular arc for the points P and Q; A £ 7 is the intersection point of the geodesic OxO with 7 
that does not lie between O and Ox (see Fig. [9J . 

Since O is the midpoint of PQ, the geodesic OxO is perpendicular to the geodesic PQ and 
the point A is the tangency point of u and 7. 

By construction, AO = r, OQ = p, OOx = R - r, OxQ = R, ZQOOx = f . As we have 
already noticed 

r < R. (3.1) 

Let us obtain the estimates for the possible ambient spaces. 

1) For c = 0, M 2 (c) = E 2 , R = From the right triangle AOiOQ: 



f = l>ir) = J^-i*. (3.2) 



Thus, 



2r 

d(r) = p(r) — r = \ r 2 — r. (3-3) 

V k 

Taking into account (|3.ip . let us find the maximum of the function d(r) in the interval 0, 
d(0) = 0, d(-£-) = 0, d ^ 0. Which means that the maximum is attained in (0, It is easy to 
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Figure 9 



check that rn = , , 1 — t=t < 4- is the maximum point and 

fe (2+V2) k *" 

do = max d(r) = d(ro) = ——. • 

Therefore, for all r we have d(r) = p(r) — r ^ do = j?" 1 , which proves the estimate (|1.4[) and 
the equality case. 

2) For c = fcf, fei > 0, M 2 (c) = S 2 (k 2 ), R = ^ arccos ja. From the right triangle AOxOQ 
on the sphere: cosfci|OiQ| = cos k\ \OQ\ cos k\ \OOi |, where | • | means the length of the corre- 
sponding geodesic segment on the sphere. Thus, in our notations 

1 cosfci.R 
, = p(r ) = _ ar ccos cosfci(J? _ r) . (3.4) 

Thereby, 

d(r) = P (r) - r = 1 arccos J^ ( %* r) - r. (3.5) 

Let us find the maximum of this function in the interval [0, R]. d(0) — 0, d(R) — -^koR — R = 
0, d ^ 0. Thus, similarly to 1), the maximum point lies in (0, R). 

The function d(r) attains its maximum simultaneously with the function tanfcid(r). Let us 
compute the tangent from the both sides in (|3.5p . For doing this, we introduce the following 
notations: 

/ := Vcos 2 fci(i?-r)-cos 2 hR, (3.6) 

From (|3T71) 

,3 := fcir, tan/3 = tanfcir. (3-9) 



cosfcii? 

a := arccos — ; -. (3.7) 

cos ki (R-r) v ' 



f 

tana = ; , (3-8) 

cos k\R 
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Using (USD, (EU), and (53) . 



-Jl^- tan for f - cosh R tan hr 



taafcid(r)= COSK1 ", — = ( 3 . 10 ) 

1-| i-^tanfcir / tan fcir + cos fcii? 

COS 1 jX 

Taking the derivative of (|3.10[) with respect to r and equating it to zero we come to: 



From (|3.6[) . /' = fcl CQS ^ fl r)smfci(.R r) ^ Substituting it to p. lip and making all necessary 



f'cosk 1 R = k 1 cos 2 k 1 (R-r). (3.11) 

os /ci (-R— 'i 
:os 2 fci (ii- 

cancellations we will get 

cosfcii? = cos 2 fci(i?-r). (3.12) 
Thereby, from (|3.12j) the maximum point (bearing in mind that cosfci-R > 0) is 

tq = R — — arccos \J cos k\R. 

«1 

Finally, from (|3.5[) and f|3 . 1 2[) we obtain 



d(r) ^ do — max d(r) = d(ro) — — arccos y cos — i?, 

r£[0,fl] fcl 

as required. The case 2) is proved. 

3) The proof for the case 3) is identical to the case 2) with the change of the spherical 
trigonometry to the hyperbolic one. 

□ 

Remark 3.2. With h -> the metrics of the spaces S n+1 (fc 2 ) and H" +1 (-fc 2 ) tend to the 
euclidean metric. It is easy to show that the estimates (|1.5p and (|1.6[) from Theorem [3] approach 
the estimate (11.41) as h — > 0. 

3.3. Proof of Theorem [3J We are going to prove Theorem [3] in all the cases simultaneously 
pointing out the differences when necessary. 

Let us start with the regular case. So we suppose that dfl is a C 2 -smooth hypersurface. 

We denote the inscribed in d£l ball with the center at the point O and the radius r as B. Let 
also pi — max dist(0, dtt) be the maximal distance from O to the hypersurface. Then <9fi can 
be enclosed in a spherical layer of the width d = p\ — r. 

Let p(r) be the radius of the circumscribe sphere from Lemma 13.31 

We will show that for all re [0,R] 

d = pi — r ^ p(r) — r. (3.13) 

Then from this inequality and Lemma |3~31 the estimates (ll.4l) - (|1.6p d ^ do will follow. 

Assume the contrary, so that 

d = maxdist(0, 8Q)-r> p{r) - r. (3.14) 

Let P' G dfl be a point on dfl such that max dist(0, dfl) = dist(0,P') (see Fig. USD. Then 
since (|3.14p . there is a point P on the geodesic OP' lying between O and P' such that 

dist{0,P) = p(r). (3.15) 

Denote the point centrally symmetric to P with respect to O as Q and consider the spindle- 
shaped hypersurface v(P,Q). 

Then B is the inscribed ball for v(P, Q) as well. Let us consider the hyperplane 7r (meaning the 
totally geodesic submanifold of the co-dimension 1) passing through the point O perpendicularly 
to OP. Let D := it n B be the corresponding equatorial ball. 
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v(P,Q) 



Q 





Figure 10 



For an arbitrary point F G dD 7 according to Lemma 13.21 a smaller circular arc u> of the 
radius R for the points P and F, which lies on v(P,Q), also lies in the domain ft. Since the 
arbitrariness of the choice of F £ dD we obtain that the part v+(P, Q) of v(P, Q) which lies in 
the same half-space with respect to it as the points P and P 1 is contained in ft. 

Let Q' be the second intersection point of the geodesic PQ with a smaller circular arc u>i of 
the radius R for P' and F which is turned with its convex side towards the geodesic PQ. 

Then obviously dD lies on the spindle-shaped hypersurface v(P',Q'). Again, since Lemma 
13.21 the part v + (P', Q') is contained in the domain SI. 

At the same time, the arcs w and wi cannot intersect. Since this holds for every point F, we 
have that v + (P, Q) C u+(P', Q 1 ) and these parts intersect along dD. 

Let us note that all smaller circular arcs of the radius R which lie on v(P, Q) and connect P 
with the points on dD are perpendicular to the geodesies from the point O to the points on the 
sphere dD. Since v + (P,Q) C v + (P',Q'), the angle between the arc P'F and the geodesic OF 
is greater than ir/2. Thus, the radius r' of the inscribe ball B' for v(P',Q') is greater than r: 
r 1 > r and its center O' lies between O and P 1 . 

By construction, all the points of v(P',Q') at the distance r' from O' lie on the geodesic 
rays starting at O' and passing perpendicularly to OP. Since O'F is not orthogonal to OP, 
\0'F\ = dist(0' , dD) > r' (here again by | • | we denote the length of the geodesic segment in 
the corresponding spaces). 

Let us consider some point T G 9_B_ , where _B_ is the part of the ball B which lies in another 
half-space with respect to the plane it as the points P and P'. Then in the geodesic triangle 
AOO'T the angle O'OT > |. Thus, be the law of cosines, 

(1) in the Euclidean case (c = 0) 



\0'T\ 2 = \00'\ 2 + \OT\ 2 - 2\00\'- \OT\ cosZO'OT > 
> \QO'\ 2 + \OT\ 2 = \QO'\ 2 + \OF\ 2 = \0'F\ 2 ; 
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(2) in the spherical case (c = k\) 

cosfci|0'T| = cos fci| OO' | cos fci| OT | + 

sin fci 1 00' | sin fci | OT | cos ZO' OT < 

cos/ci|00'|cos/ci|OT| = 

cos fei | OO' | cos fei | OF | = cosfci|0'F|; 

(3) in the hyperbolic case (c — ~k 2 ) 

cosh£;i|0'T| = cosh ki | OO' | cosh k x \OT\- 

sinh fci |00'| sinh fei |0T| cos ZO'OT > 

cosh fei I OO' | cosh fci| OT | = 

cosh fej | OO' | cosh fci| OF \ = coshfci|0'F|, 

since AO'OF is a right triangle. Therefore, \0'T\ > \0'F\ > r'. By the arbitrariness of the 
point T, the last inequality implies B' C B- n u+(P', Q') C 17. 

Hereby, we have found in Q the ball with the radius greater that the radius of the inscribed 
ball. Contradiction. The theorem in the smooth case is proved. 

Non-regular case. Let now dtt be an arbitrary complete fco-convex hypersurface. We will 
apply the arguments similar to those in the proof of Lemma 13.11 

For 9f2 let us consider external equidistant 1,1 -smooth e(r)-convex hypersurfaces dil T on 
the sufficiently small distance t, lim e(t) — k$. We can approximate them with O fc -smooth 

hypersurfaces dfl T .s, k > 2, whose normal curvatures k n ^ e(r) — v(8) with v(8) —> + when 
5^0. For such surfaces the estimates are obtained above. Taking limits with r, s —> we will 
get the required estimates in general case. 

3.4. Auxiliary results necessary for the proof of Theorem [4j Let M" +1 (c) be a complete 
simply connected Riemannian manifold of the constant sectional curvature c. Let us consider 
a compact convex domain fl in it, whose boundary dfl is a 2 -smooth complete hypersurface. 
Denote O £ fl to be a point inside the domain; P € <9£1 to be a point such that dist(0, P) = 
dist(0, 90); y(Q) to be the angle between the geodesic OQ, passing through O and an arbitrary 
point Q £ <9f2, and the outward normal to <90 at the point Q. Let Sp C M" +1 (c) be a 
sphere passing through the point P perpendicularly to OP such that the point O belongs to the 
corresponding ball Bp, Sp — dBp. Denote j3(Q) to be the angle between the geodesic OQ which 
is drawn through Q £ Sp and the outward normal to the sphere at Q. 

Lemma 3.4. In the above notations, if for any two points Q € dfl and Q € Sp such that the 
lengths of the geodesic segments OQ and OQ are equal it holds that 

<p(Q) ^ 0(0), 

then Sp is a tangential sphere to the hypersurface dfl at P and the domain fi lies entirely in the 
ball Bp. 

Proof. As we have been doing before, let us introduce on M n+1 (c) the polar coordinate system 
with the origin at O. Then the arc length will be of the form ds 2 = di 2 + gijd9 l d9^ , where t 
is the distance from the origin, 9 , . . . , 9 n are coordinates of the standard euclidean unit sphere 
S n . We can assume that the coordinates of the point P — (h, 0, . . . , 0), where h = dist(0, Q) = 
dist{0,dtt). 

Let dfl be explicitly defined by the equation t = f(9 1 , . . . , 9 n ), while Sp be defined by t = 
p(9 x , . . . , 9 n ). It is possible since the convexity of the surfaces. 
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Consider points Q g dVl and Q € Sp such that \OQ\ — \OQ\. Then the outward normals 
Ndn(Q), Ns P {Q) to the surfaces at these points can be written as 



grad M(e) (f-/) ^ dt-gv^de, ^ d t -g^§ld B] 
mW) |grad M(c) (t-/)| ^gfoLW V1 + IV/IL' 

grad M(c) (i-p) _ dt-gVjfodei d t -g^^d ei 



(3.16) 



^Vsp(Q) = 



grad M(c) (i-p)| S + 



where all the derivatives are taken at the corresponding points Q or Q, 9 t , <9g;, i = is 
the coordinate basis of the tangent space TqM™ +1 (c) or TqA/" +1 (c); also, we used the rule of 
summation over repeated indices. 

In view of (I3.16[) . the angles between the radial directions dt{Q) and dt{Q) to the points Q 
and Q and the corresponding normals are 



cos<^(Q) = (N dn (Q),d t (Q)) = 
cos/3(Q) = (AT Sp (Q),^(Q)> 



(3.17) 



+ |Vp| 



And since the statement of the lemma <f(Q) ^ P(Q), we finally obtain that at the correspond- 
ing points 

IV/IL < |Vp||„. (3.18) 
Let us show that for all (0 1 , . . . , n ) <E S n , 

f(9\...,6 n )^p(d\...,9 n ). (3.19) 

From this inequality, since the choice of the origin, Lemma 13.41 will follow. 

A) We start with the case n = 1. For us it will be sufficient to show that for all 8 6 S 1 , 

f(6) < p{6). (3.20) 

First we will show that (|3.20[) holds locally and then will extend it for the whole curve. 

For the polar coordinate system in a two-dimensional manifold M 2 (c), g~ 1 (t, 0) — gi X {t, 9) = 

SPTTt' where 

{sin&i<, if c = k\ > 0; 

t, if c = 0; 

sinhfcii, if c = — k\ < 0. 

Thereby, .g _1 (t, 9) > and does not depend on a value of the angle 9. Thus, from the 
inequality Q3.18P for those values 9\ and 9i for which /(#i) = p(#2) it holds that 

f (9i) < P ' 2 (9 2 ) . (3.21) 

If the radius of the circle Sp does not equal to h, then it is known that the function p{9) is 
strictly increasing on the segment [0, tt]. If the radius of Sp is equal to h, then p = h and from 
(|3.21l) it follows that / = h. Hence, (I3.20P will be automatically satisfied. 

Due to the fact that h = /(0) is the minimal distance, in some right neighborhood of zero 
[0, 9), 9 < tt, the function f{9) will be strictly increasing too. 

Indeed, if in some neighborhood of zero / = h, then (|3.20p locally holds. If for any arbitrary 
small right neighborhood of the function / has points at which it is equal and is not equal to 
h, then let us consider the arc of the curve between two such points Pi and Pi, at which / is 
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equal to h. Since the convexity, there is a neighborhood of P\ lying on the arc between P\ and 
P 2 for which / is strictly increasing. Then we can assume P = P\. 

Since /(0) = p(0) = h, we can choose 8 such that for any 9 2 £ [0, 9) there is 8\ £ [0, 9) satisfying 
f(9i) = p{9 2 ) and on [0,9) the function / is strictly increasing. Thus, in this neighborhood 
from (j3T2T1) 

< f{0i) ^ p'{9 2 ). (3.22) 

Due to the last inequalities, if to denote h := f(8), then on the segment [h; h) we can define 
the inverse functions 9 = f~ l (t), 9 = p _1 (t). Setting to := f(9\) = p{9 2 ) from (|3. 221) we obtain 

(r 1 )^M^ 7 4y^-(p- 1 )'(M>0. (3.23) 

Hence, / _1 is increasing not slower than p~ x . And since / _1 (/i) = /0 _1 (/i) = 0, then (?i = 
/ _1 (io) /0 _1 (*o) = $2- Even more, if in p.23[) we have a strict inequality at least at one point, 
then 9\ > 9 2 . Therefore, due to the monotonicity of /, 

m) < m) - P (9 2 ). 

Since 9 2 is an arbitrary value in [0; 9), the last inequality proves (13.20[) on the chosen interval. If 
in p.23p we have an equality everywhere on [h; h), then on the chosen interval the curve coincide 
with the arc of Sp . 

The similar considerations applied to the left neighborhood of zero prove that Sp is a locally 
supporting circle at the point P and <9f2 lies locally inside Sp or coincide with it by some arc 
containing the point P. Let us show that the same holds globally, i.e. for all 9 £ S 1 . 

Let us assume the contrary. Since locally dil C Bp, the curve dft has to move outside the 
circle Sp. Let 9q £ [0,27r] be the first value for which dil intersects Sp and moves outsides. 
We get that f(9 ) — p(0o). By the condition of our lemma, at the point Qo = (/(#o)>#o) = 
(p(9o), 9q) £ 9f2 fl Sp for the corresponding angles we have 

<p(Qq) < P(Qo), 

which contradicts the fact that the curve moves outside the circle (see Fig. [Til) . The case of equal 
angles is impossible since the local arguments above. 




const 
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Hereby, we came to the contradiction, thus proving (I3.20[) alongside with the lemma for the 
case n = 1. 

B) If n 7^ 1, then let us consider in M n+1 (c) an arbitrary two-dimensional totally geodesic 
submanifold M 2 (c) that contains the geodesic OP. This submanifold intersects the sphere Sp 
along the two-dimensional circle and intersects the hypersurface 90 along the two-dimensional 
curve. For them the condition of the lemma still holds: (p(Q) ^ f{Q) ^ P{Q) — f3(Q), where 
<f(Q), P{Q) are the angles between the geodesies OQ and OQ and normals at Q £ 90 and 
Q £ Sp to the curves in the section, accordingly. 

Therefore, we can apply the consideration from the above case A) and obtain that the curve 
lies inside the circle. And since it is true for an arbitrary M 2 (c), we get 90 C Bp. The lemma 
is proved. 

□ 

3.5. Proof of Theorem[4j Let O be the center of the inscribe ball B for 90, r be its radius. In 
the tangent space ToM n+1 let us consider the domain D := exp^^O). Then dD = exp^ (90). 

Denote O £ M n+1 (c) to be an arbitrary point in a manifold of the constant sectional curvature 
c. Identifying the tangent spaces ToM n+1 and T-QM n+1 (c) by isometry, we can define := 
exp^-Z?. Then 90 — exp^dD). We also denote B := cxp^- (exp^ 1 B) which will be the the 
inscribe ball for 90 of the radius r. 

Let us introduce on the manifolds M n+1 and M n+1 (c) the polar coordinate systems with the 
origins at O and O respectively. Then their arc lengths can be written as 

M n+1 : ds 2 = dt 2 + g ij de i d& i , 
M n+1 {c) : ds 2 = dt 2 + Gijde'dP, 

where, similarly to Lemma [3.41 t is the distance parameter, 9 1 1 ... 1 9 n are coordinates on the 
standard unit euclidean sphere S n . 

Moreover (see [7]), if all sectional curvatures K a of M n+1 are non-positive ^ K a —kf, 
then the polar coordinate system will be regular everywhere except the origin. If all sectional 
curvatures of M n+1 are positive k 2 K a ^ k\ > 0, then the coordinate system will be regular in 
the ball of the radius T^jki with the deleted center. Therefore, by the condition of the theorem, 
the domain ft C M n+1 lies in the domain of regularity of the chosen on M n+1 polar coordinate 
system. 

Using the classical comparison techniques (see [9]) for manifolds whose sectional curvatures 
K a )cwe have that for the first fundamental forms g and G, which arc defined by the matrices 
(gij), (Gij), and for any vector x(x 1 , . . . , x n ) it holds that 

g ij x i x j ■ G ij x i x j (3.24) 

(where the fundamental forms are taken with the same values of the parameters). 

Then from (|3.24p for the inverse matrices (g^), (G u ) and for any co-vector a(ai, . . . ,a n ) we 
have 

g' , ■(;•■(,,(,,. (3.25) 

We can suppose that 90 is defined explicitly by the equation t = f(6 , ■ ■ ■ ,#")• Then, by 
construction, dQ is defined by the same equation. If N and N are the unit outward normals at 
the points Q £ 90 and Q £ 90, which correspond each other by the isometry of tangent spaces, 
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then similarly to Lemma 13.41 thev can be written as 

grad M (t-/) _ 0, .r+La, 



N(Q) 



|grad M (i-/)| y/T+Wf^n 



aZ. fl (3-26) 

N(Q) 



grad M(c) (t-/) _ dt-Gfiifodg, 



|grad M(c) (i-/)| + | V /|| n 



Using (|3.26p . the cosines of the angles <p{Q) and <p (Q) between the radial direction 9t and 
the corresponding outer normals N or N are equal to 

cos<p(Q) = (N(Q),d t ) = 



cos 



Tp(Q)=(N(Q),d t ) = 



|Vf| 2 - 

1 J 'an 



From these relations and (I3.25P we obtain that at the corresponding points 

cos ip (Q) < cos^ (Q) . (3.27) 

Let P £ 90 n B be one of the tangency points of the inscribed ball B and the hypersurfacc 
90, dist(0, 90) = dist(0 7 P) — r, and P £ 90 is the corresponding to it by the isometry point, 
dist(0,dTi) = dist(0,P) = r,P £ dTinB. Let us consider in the manifold Af ,l+1 (c) the sphere 
S-p of the sectional curvature passing through the point P perpendicularly to the geodesic 
O P such that the point O lies in the corresponding to it ball B-p. 

As above, for an arbitrary point Qo £ S-p- we will denote the angle between the radial direction 
in Qo and the outward normal in it as /3(Qo). Then from the proof of Theorem [5] it follows that 
at the points Q £ dSl and Q £ S-p with dist(0 7 Q) = dist(0, Qo) it holds that 

cos/3(Q ) < cos^(Q). (3.28) 

From (|3.27p and (I3.28P we obtain that for any two points Q £ dCl and Q £ Sp such that 
dist(0, Q) — dist(0, Qo) the following holds 

cos/3(Q ) s$ cos^ (Q) . 

Therefore, by Lemma 13.41 the sphere S-p is globally supporting for the hypersurface d£l and 
the domain Q lies entirely in the ball B-p: 

H c Bp. (3.29) 

It is obvious that (|3.29p is valid for every point P £ 90 D B. 
Let us consider the domain 

C:=_f]_Bp. 

P£dfinB 

By construction, dC is a complete /co-convex hypersurface. Additionally, since (|3.29p we have 

HcC. (3.30) 

Using the arguments similar to those from the proof of Theorem [3] let us show that the ball 
B is the inscribe ball for dC. 

Indeed, since the ball B is inscribe for 90, the set 90 n B is not contained in any open 
hemisphere of dB. By construction, the same holds for the set 90 n B. 

Now, let us assume the contrary so that B is not the inscribe ball for dC. Then there exists 
a ball B\ C C of the same radius that does not coincide with B. Let 0\ be its center. 
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Denote 7Tn and tt\ to be two totally geodesic n-dimensional submanifolds of M" +1 (c) passing 
through the points O and 0\ respectively perpendicularly to the geodesic 00\. Every point 
P € ttqDB corresponds by parallel translation along the geodesic 00\ to some point P\ € -K\f\B\. 
Since the hypersurface dC is fco-convex, from Lemma 13.21 we know that any smaller circular arc 
of the curvature ko for the points P Pi is contained in the domain C. Let us choose among them 
an arc s which forms with the geodesies OP and 0\P\ the angles bigger than 7r/2. Since we can 
do this for every point P E ttqDB, then the part of dB that lies in the same open half-space with 
respect to ttq as the point Oi does not contain any point of dC, and thus any point of dfl l~l B. 

Therefore, some points P £ dilD B must belong to the equatorial circle tto n dB. But at such 
points the supporting sphere of the curvature fcg is perpendicular to the geodesic O P. Hence, 
the corresponding arc s is not enclosed by this sphere, which contradicts the construction of C 
and the fact that s lies in C. 

We came to the contradiction and thus proved that B is the inscribed ball of the radius r for 
dC. ' 

I ! ' 1 1 then, since dC is a complete fco-convex hypersurface, for the width max dist(0, dC) — r of 
the spherical layer, which, obviously, encloses dC, the estimates from Theorem [3] hold. 

From (|3.30D . max dist(0, dil) — r ^ max dist(0, dC) — r. By construction, max dist(0, dtt) — 
r = max distiO, dQ) — r. Thus, 

max dist(0, dfl) — r ^ max dist(0, dC) — r, 

from which, in virtue of Theorem[3l we obtain the estimates for the width of a spherical layer that 
encloses a hypersurface lying in a Riemannian manifold of the constant-sign sectional curvature. 
The theorem is proved. 
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